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NON COMPLETELY SOLVABLE SYSTEMS
OF COMPLEX FIRST ORDER PDE’S
C. DENSON HILL AND MAURO NACINOVICH
Introduction
History and motivation. Hans Lewy in [29] and Louis Niremberg in [35] gave
two fundamental results in the theory of linear partial differential equations. The
first showed that a non homogeneous equation for a first order partial differential
operator with complex valued real analytic coefficients, but C∞-smooth right hand
side, may, in general, have no local weak solution. The second, that a homoge-
neous equation for a first order partial differential with complex valued smooth
coefficients may have no non constant weak local solutions. Both results were for-
mulated and proved for partial differential operators in R3. A fuller understanding
of [29] opened different directions of investigation (see e.g. [3, 4, 19, 36, 37]),
especially from the two points of view of p.d.e. theory and of the analysis of CR
manifolds.
Nirenberg’s example was especially relevant to the problem of embedding CR
manifold into complex manifolds. From this point of view, there have been two
types of results. The Nirenberg example means that pseudoconvex three dimen-
sional CR hypersurfaces cannot be locally CR-embedded. However the existence
of sufficiently many independent solutions of the tangential Cauchy-Riemann equa-
tions was shown to hold for pseudoconvex higher dimensional CR hypersurfaces
(see e.g. [1, 9, 12, 25, 26, 27]), and some general results were also obtained in
terms of Lie algebras of vector fields (see e.g. [5, 17]). In the opposite direction,
the counterexample of [35] was extended to CR hypersurfaces with degenerate or
non degenerate Lorentzian signature (see e.g. [14, 15, 20, 22, 23]
The results above were all obtained for the case of CR hypersurfaces. For higher
codimension, a crucial invariant is the scalar Levi form, which is parametrized by
the characteristic codirections of the tangential Cauchy-Riemann complex. The
first result in higher codimension on the absence of the Poincare´ lemma at the
place q when some non degenerate scalar Levi form has q positive eigenvalues was
first proved in [3]. In [18] this result was extended to some cases where the scalar
Levi form is allowed to degenerate. Much less is known about the CR-embedding
of manifolds of higher CR codimension. In [31] some results of [22] are extended
under some supplementary conditions of the Cauchy-Riemann distribution. We
also cite some partial results in [10, 11, 16].
Here we want to reconsider some of these questions, also in the more general
framework of general distributions of complex vector fields of [2].
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Contents of the paper. Let M be a smooth paracompact manifold of dimension
m, and let L1, . . . , Ln be smooth complex vector fields on M. In local coordinates
each L j can be written as
(0.1) L j = L j(x, D) =
∑m
i=1
a j,i(x) ∂
∂xi
,
with coefficients a j,i which are assumed to be complex valued and C∞-smooth. We
are interested in considering local solutions of the homogeneous system
(0.2) L ju = 0, for j = 1, . . . , n.
When n > 1, since every local distribution solution u of (0.2) also satisfies
[L j1 , L j2]u = (L j1 L j2 − L j2 L j1 )u = 0, . . . , [L j1 , [L j2 , [. . . , L jr ]]]u = 0
for all sequence j1, j2, . . . , jr with 1 ≤ j1, j2, . . . , jr ≤ n, it is not restrictive to
require that L1, . . . , Ln satisfy the formal Cartan integrability conditions, i.e. that
all commutators [L j1 , L j2] are linear combinations, with smooth coefficients, of
L1, . . . , Ln.
When this condition is satisfied, and L1, . . . , Ln define linearly independent tan-
gent vectors on a neighborhood U0 of a point p0 ∈ M, there are at most m − n
solutions u1, . . . , um−n of (0.2), with du1(p0), . . . , dum−n(p0) linearly independent.
In fact this is always the case when the L j’s have coefficients that are real analytic
in some coordinate neighborhood of p0. Nirenberg’s result in [35] shows that in
general this is not true in the C∞ case if n = 1, m = 3. A small perturbation of a
vector field for which (0.2) has two analytically independent solutions changes to
a vector field for which all local solutions of (0.2) are constant.
In §1 we show how this result extends to the case where n = 1, but m is allowed
to be any integer larger or equal to 3. Namely, we show that the smooth complex
vector fields for which (0.2) admits non locally constant solutions near some point
of M form a small nowhere dense set of first Baire category in the Fre´chet space of
complex vector fields on M.
This generalization of [35] was already given in [31], and our main goal is to ex-
tend in fact the results of [22] to the case of higher CR codimension. We show that
in general, given a smooth manifold M and any locally CR-embeddable Lorentzian
CR structure on M, and a point p0 ∈ M, there is a new Lorentzian CR structure,
which is defined on a neighborhood of p0 in M, and agrees to infinite order with
the original one at p0, which is not locally CR-embeddable. We also show that the
corresponding system (0.2) is not completely integrable in the class C1.
In §2 we collect the notions on CR manifolds that will be employed throughout
the rest of the paper. In §3, §4, §5, §6 we prove the analog of the result of §1 for
overdetermined systems by adaptations of the arguments therein. The results are
weaker than those obtained for a scalar p.d.e. In fact, our constructions involve
perturbations of an original system which, to keep formal integrability, employ ei-
ther functions that are constant with respect to some variables, or, in §5, special
morphisms of CR manifolds, and, in the more special cases of §6.7, analytic ob-
jects, called CR-divisors. In general, we obtain new overdetermined systems which
are only defined in small coordinate neighborhoods. In §6.8 we prove that we can
globally define a new CR structure on the Lorentzian real quadric Q in CPν which
is not locally CR-embeddable at all points of a hyperplane section.
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In §5 we also describe the CR complexes and show in §6.2 how the technique
used in the rest of the paper can be also employed to give proofs of the non validity
of the Poincare´ lemma different from those of [3, 4, 18].
1. Homogeneous equations with no nontrivial solutions
In this section we prove a generalization to dimensions ≥ 3 of a remarkable theo-
rem of Nirenberg about local homogeneous solutions to a single homogeneous lin-
ear partial differential equation having smooth variable complex coefficients ([35],
see also [22, 31]).
Here and in the following sections, M will denote a smooth paracompact real
manifold of dimension m.
We denote by XC(M) the Fre´chet space of all C∞ complex vector fields on M.
Note that XC(M) includes also real vector fields on M. When M is an open set in
R
m
, each L ∈ XC(M) can be written as
L = a1(x) ∂
∂x1
+ a2(x) ∂
∂x2
+ · · · + am(x) ∂
∂xm
,
where x = (x1, x2, . . . , xm), and the coefficients a j(x) ∈ C∞(M) are (in general)
complex valued.
Theorem 1.1. Let M be a smooth manifold of dimension m ≥ 3. Then the set E of
L ∈ XC(M) for which there exists a non empty open subset U of M, an ǫ > 0, and
a solution u ∈ C1+ǫ (U) of Lu = 0 on U with du(p) , 0 for at least one p ∈ U, is a
nowhere dense set of first (thin) Baire category.
In other words: the set of all L on M having the property that any u with Ho¨lder
continuous first derivatives, which is a local solution to Lu = 0, in any neighbor-
hood of any point, must be constant, is a dense set of the second (thick) Baire
category.
First we prove a Lemma.
Lemma 1.2. Let M be a smooth Riemannian manifold of dimension m ≥ 3, and
let L0 ∈ XC(M). Then for every point p0 ∈ M, h ∈ N, and ǫ > 0 we can find
L ∈ XC(M) with
‖L − L0‖h, M < ǫ on M,(1.1)
such that
u ∈ C1(U), Uopen ∋ p0, Lu = 0 on U =⇒ du(p0) = 0.(1.2)
Proof. We can argue on a small coordinate patch Ω about p0, and then, substituting
L0 by another vector field L0 sufficiently close in the h-norm, we can assume that
the coefficients of L0 are real analytic in the coordinates in Ω, and that
L0(p), ¯L0(p), [L0, ¯L0](p) are linearly independent in CTpM,∀p ∈ Ω.
Let k = m − 2. By the real analyticity assumption, using the Cauchy-Kowalevski
theorem, and by shrinking Ω if needed, we can find k + 1 complex valued real
analytic z0, z1, . . . , zm on Ω with
L0zi = 0, for i = 0, . . . , k, dz0 ∧ dz¯0 ∧ dz1 ∧ · · · ∧ dzk , 0 on Ω.
Let xi = Re zi, yi = Im zi. We can also arrange that x0, y0, x1, . . . , xk are real
coordinates in Ω centered at p0, and that yi(p0) = 0, dyi(p0) = 0 for i = 1, . . . , k.
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This preparation yields a local CR-embedding of Ω as a CR submanifold of CR
dimension 1 and CR codimension k in Ck+1, given by
yi = hi(z0, x) for i = 1, . . . , k,
with x = (x1, . . . , xk), and hi = O(z0z¯0 + |x|2).
After multiplication by a nowhere zero function, we can take L0 of the form
L0 =
∂
∂z¯0
+
∑k
i=1
ai
∂
∂xi
, ai ∈ C
∞(Ω).
The condition that [L0, ¯L0](p0) , 0 implies that ∂2hi/∂z0∂z¯0 , 0 at p0 for some
index i. Moreover, we note that we obtain new solutions of the homogeneous
equation L0u = 0 by taking for u any holomorphic function of z0, z1, . . . , zk. This
allows us to use biholomorphic transformations to obtain that
(∗) the real Hessian of h1(z0, x) is positive definite in Ω.
In this way, the sets Ωr = {p ∈ Ω | Im z1 < r}, for r > 0, form a fundamental
system of open neighborhoods of p0 in M. Set
Mτ = {p ∈ Ω | z1 = τ}, for τ ∈ C.
Then, by (∗), M0 = {p0}, and there is an open connected neighborhood ω of 0 in C
and a smooth real curve Im τ = φ(Re τ) in ω, passing through 0, with the properties
Mτ ⊂ Ω if τ ∈ ω,(i)
Mτ = ∅ if Im τ < φ(Re τ),(ii)
Mτ = {a point} if Im τ = φ(Re τ),(iii)
Mτ ≃ S k if Im τ > φ(Re τ).(iv)
Let {Dν} be a sequence of pairwise disjoint closed discs in
ω+ = {τ ∈ ω | Im τ > φ(Re τ)},
with centers and radii converging to 0 for ν →∞. For a suitable r0 > 0, all sets
ω+r = {τ ∈ ω | φ(Re τ) < Im τ < r}
are connected, for 0 < r < r0. Set
ω′r = ω
+
r \
⋃
ν
Dν, Ω′r = {p ∈ Ω | z1(p) ∈ ω′r}.
Let u be a C1 solution of L0(u) = 0 on Ω′r, for some 0 < r < r0. For each τ ∈ ω′r
we define
F(τ) =
∫
Mτ
u dz0 ∧ dz2 ∧ · · · ∧ dzk.
We claim that F is holomorphic in ω′r. Let indeed κ be an arbitrary smooth simple
closed curve in ωr. Then
⋃
τ∈κMτ is the boundary of a domain Nκ in Ω, that is
diffeomorphic to the Cartesian product of a 2-disc and a (k − 1)-ball, and∮
κ
F(τ)dτ =
∮
κ
dτ
∫
Mτ
u dz0 ∧ dz2 ∧ · · · ∧ dzk = ±
∫
∂Nκ
u dz0 ∧ dz1 ∧ dz2 ∧ · · · ∧ dzk
= ±
∫
Nτ
du ∧ dz0 ∧ dz1 ∧ · · · ∧ dzk = 0,
because (see [28])
du ∧ dz0 ∧ dz1 ∧ · · · ∧ dzk = (L0u) dz¯0 ∧ dz0 ∧ dz1 ∧ · · · ∧ dzk = 0.
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By Morera’s theorem, F is holomorphic on ω′r. Moreover, F extends to a continu-
ous function on the closure of ω′r in ω∩{Im τ < r}, that equals 0 for Im τ = φ(Re τ)
because of (iii). It follows that F(τ) = 0 for τ ∈ ω′r.
For each ν ∈ N, let Qν = {p ∈ Ω | z1(p) ∈ Dν}. We fix smooth functions ψi in
Ω, such that ψidz0 ∧ dz¯0 ∧ · · · ∧ dzk is, for each i = 0, 1, . . . , k, a non-negative real
regular measure, with
suppψi =
⋃∞
j=0Qi+ j(k+1)
and such that, for
L = L0 + ψ0
∂
∂z0
+
∑k
i=1
ψi
∂
∂xi
we have ‖L − L0‖h < ǫ. Assume now that u ∈ C1(Ωr) satisfies Lu = 0. Hence, for
all ν sufficiently large, Qν ⊂ Ωr, and
0 = ±
∮
∂Dν
dτ
∫
Mτ
u dz0 ∧ dz2 ∧ · · · ∧ dzk =
∫
∂Qν
u dz0 ∧ dz1 ∧ · · · ∧ dzk
=
∫
Qν
(L0u)dz0 ∧ dz¯0 ∧ dz1 ∧ · · · ∧ dzk =
∫
Qν
((L0 − L)u)dz0 ∧ dz¯0 ∧ dz1 ∧ · · · ∧ dzk
implies, by the mean value theorem, that, for all large i ∈ N, there are points
pi, p′i ∈ Q j such that, for large j,
Re
∂u(p j(1+k))
∂z0
= 0, Im
∂u(p′j(1+k))
∂z0
= 0,
Re
∂u(pi+ j(k+1))
∂xi
= 0, Im
∂u(p′i+ j(k+1))
∂xi
= 0, for i = 1, . . . , k.
By passing to the limit, as p j → p0, we obtain that
∂u(p0)
∂z0
= 0, ∂u(p0)
∂xi
= 0, for i = 1, . . . , k.
Together with Lu(p0) = 0, this yields du(p0) = 0. 
Proof of Theorem 1.1. We fix a Riemannian metric on M, so that we can compute
the length of vectors and covectors and the Ch-norms of functions defined on sub-
sets of M. Then we have seminorms which endow X(M) with a Fre´chet space
topology, and we may discuss Baire category. Let {Uν}ν∈N be a countable basis of
non empty open subsets of M, and for each ν ∈ N fix a point pν ∈ Uν. For h ∈ N
we define E(ν, h) to be the closure in XC(M) of the set of L such that
(1.3) ∃u ∈ C1+
1
h (Uν) with

Lu = 0 on Uν,
‖u‖
1+1h ,Uν
≤ h,
|du(pν)| ≥ 1h .
The set E(ν, h) has an empty interior. This can be proved by contradiction. If
some E(ν, h) had an interior point, by Lemma 1.2 it would contain an interior point
L satisfying (1.2) with p0 = pν. By definition, there is a sequence {L j} j∈N with
L j → L in XC(M) for j → ∞ such that for each j, there is u j ∈ C1+
1
h (Uν) with
L ju j = 0 on Uν, ‖u j‖1+ 1h ,Uν ≤ h and |du(pν)| ≥
1
h . By the Ascoli-Arzela` theorem,
passing to a subsequence we can assume that u j → u ∈ C1+
1
h (Uν), uniformly with
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their first derivatives on every compact neighborhood of pν in Uν. Then Lu = 0 on
Uν, and |du(pν)| ≥ 1h > 0 contradicts (1.2).
Therefore the union ⋃ν,hE(ν, h) is a countable union of closed subsets having
empty interior, hence of first Baire category. Then also E is of first Baire category,
because E ⊂ ⋃ν,hE(ν, h). This completes the proof of the Theorem. 
2. Involutive systems and CR manifolds
To extend the result of §1 to overdetermined systems of homogeneous first or-
der p.d.e.’s, we will develop ideas from [14, 15, 20]. In this section we begin by
describing the general framework. In the following, M will denote a C∞-smooth
manifold of real dimension m.
2.1. Generalized complex distributions and CR structures. Let Z be a gen-
eralized distribution of smooth complex vector fields on M. This means that Z
defines, for each open subset U of M a, C∞(U) submodule of XC(U), in such a way
that the assignment U → Z (U) is a sheaf:
(1) If Uopen ⊂ Vopen ⊂ M, then Z|U ∈ Z (U) for all Z ∈ Z (V);
(2) If {Uν} is a family of open subsets of M, a smooth complex vector field Z,
defined on
⋃
νUν, belongs to Z (
⋃
νUν) if and only if Z|Uν ∈ Z (Uν) for
all ν.
Our main interest in the sequel will be focused on the local solutions to the
homogeneous system
(2.1) Zu = 0, ∀Z ∈ Z .
It is therefore natural to assume in the following that Z is involutive, or formally
integrable. This means that
(2.2) [Z1, Z2] ∈ Z (U), ∀Z1, Z2 ∈ Z (U), ∀Uopen ⊂ M.
Since Z is a fine sheaf, every germ Z(p) of Z at a point p ∈ M is the restriction of
a global Z ∈ Z (M). Thus we can for simplicity utilize global sections Z ∈ Z (M)
in most of the discussion below.
For each point p ∈ M, we consider the set
(2.3) ZpM = {Z(p) | Z ∈ Z (M)} ⊂ CTpM.
If the dimension of the C-linear space ZpM is constant, we say that Z is a distri-
bution of complex vector fields.
Definition 2.1. A CR structure on M is the datum of an involutive distribution Z
of smooth complex vector fields with Z ∩Z = 0.
The constant dimension n of ZpM is its CR dimension, and k = m − 2n its CR
codimension. We call the pair (n, k) the type of the CR manifold M.
In the case where Z is a CR structure on M, we write sometimes T 0,1M for ZM.
When M is a real smooth submanifold of a complex manifold X, we consider
on M the generalized distribution
Z (U) = {Z ∈ XC(U) | Zp ∈ T 0,1p X, ∀p ∈ U},
where T 0,1X is the bundle of anti-holomorphic complex tangent vectors toX. Then
Z is involutive and Z ∩ Z = 0. When Z has constant rank, Z defines a CR
structure on M, for which we say that M is a CR-submanifold of X.
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Let 1 ≤ a ≤ ∞. A complex CR-immersion of class Ca of M is a Ca-smooth
immersion φ : M → X of M into a complex manifold X with dφ(Zp M) ⊂ T 0,1φ(p)X
for all p ∈ U.
For any open set U of M we set
(2.4) OM(U) = {u ∈ C1(U) | Zu = 0, ∀Z ∈ Z (M)}.
The assignment Uopen → OM(U) defines a sheaf of rings of germs of complex
valued differentiable functions on M.
2.2. The differential ideal and complete integrability. Let Ω∗M =
⊕
0≤p≤mΩ
p
M
be the sheaf of germs of alternated smooth differential forms on M. We associate
to Z the differential ideal
(2.5) JM =
⊕
p≥1
J
p
M with J
p
M = {η ∈ Ω
p
M | η|Z (M) = 0}.
This is a graded ideal sheaf of Ω∗M, generated by its elements of degree 1. Being
interested in the local solutions to (2.1), we can assume that JM is complete and
that Z is the characteristic system of JM, i.e. that
Z (U) = {Z ∈ XC(M) | Z⌋JM(U) ⊂ JM(U)}
= {Z ∈ XC(U) | η(Z) = 0, ∀η ∈ J1M(U)}, ∀Uopen ⊂ M.
If Z is a distribution, it is the characteristic system of its differential ideal. The
pointwise evaluation of the elements of J1M yields in this case a smooth subbundle
Z0M of CT ∗M, given by
(2.6) Z0M =
⊔
p∈M
Z0pM, with Z0pM = {η ∈ CT ∗pM | η(Z) = 0 ∀Z ∈ Z (M)}.
In general, (2.6) defines a subset of the complexified tangent bundle of M.
Definition 2.2. Let Z be a generalized distribution of smooth complex vector
fields on M and p0 ∈ M. We say that Z is completely integrable at p0 if
(2.7) ∀η ∈ Z0p0 M ∃u ∈ OM(p0) with du(p0) = η.
This means that (2.1) has at p0 the largest number of differentially independent
local solutions that is permitted by the rank of Z .
2.3. The case of CR manifolds. Let Z be a CR structure of type (n, k) on M.
Complete integrability at p0 ∈ M is equivalent to the existence of a complex CR-
immersion of class C1 of an open neighborhood U of p0 into Cn+k.
The question of the regularity of complex CR-immersions seems in general a
rather delicate open problem (see e.g. [30]). Note that any C1-immersion is in fact
C∞-smooth when M satisfies suitable pseudo-concavity assumptions (see [2]).
For C∞-smooth complex local CR-immersions we introduce a special notation.
Definition 2.3. A CR-chart on M is the datum of an open subset U and of n + k
smooth CR functions z1, . . . , zn+k ∈ OM(U) ∩ C∞(U), such that
dz1(p) ∧ · · · ∧ dzn+k(p) , 0, ∀p ∈ U.
Clearly φ(p) = (z1(p), . . . , zn+k(p)) provides in this case a C∞-smooth CR-
immersion of U in Cn+k.
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The functions z1, . . . , zn+k of a CR-chart are not independent complex coordi-
nates when k > 0. For each point p0 of U there are indeed k real valued func-
tions ρ1, . . . , ρk, defined and C∞ on an open neighborhood G of φ(p0) in Cn+k, with
ρi(z1, . . . , zn+k) = 0 on a neighborhood of p0, and ∂ρ1(φ(p0))∧· · ·∧∂ρk(φ(p0)) , 0.
Definition 2.4. We say that a CR manifold M is locally CR-embeddable if the open
subsets U of its CR-charts make a covering.
Locally CR-embeddable CR manifolds can be abstractly defined as ringed spaces,
using the structure sheaf O∞M = OM ∩C∞ of the germs of its smooth CR functions.
Lemma 2.5. Let M be a CR manifold of type (n, k) and p0 ∈ M. Then we can find
an open neighborhood U of p0 in M and a new CR structure on M which is locally
CR-embeddable and agrees to infinite order with the original one at p0.
Proof. Let Z be the CR structure on M. It suffices to consider smooth functions
z1, . . . , zν which are defined on a neighborhood of p0, satisfy Zz j = 0∞ at p0, and
have dz1(p0) ∧ · · · ∧ dzν(p0) , 0. To prove the existence of such functions, we
observe that it is always possible to find a smooth coordinate chart (U, x1, . . . , xm)
centered at p0 such that Z is generated in U by vector fields of the form
Zi =
∂
∂xi
+ i
∂
∂xi+n
+
∑m
j=n+1a j(x)
∂
∂x j
, with a j(x) = O(|x|).
Let Li =
∂
∂xi
+ i
∂
∂xi+n
, and Ri =
∑m
j=n+1a j(x)
∂
∂x j
.
We denote by m the maximal ideal of the local ring C{{x1, . . . , xm}} of formal
power series of x1, . . . , xm. We obtain formal power series solution to (2.1) by
constructing by recurrence sequences { fh}h≥0 ⊂ C{{x1, . . . , xm}} which solve the
equations
(∗)

fh ∈ mh,
L j f1 ∈ m, for j = 1, . . . , n,
L j fh+1 + R j fh ∈ mh+1, for j = 1, . . . , n.
We observe that, taking f1 equal to xi + ixi+n for i = 1, . . . , n, or to x2n+i, for
i = 1, . . . , k, we obtain ν independent solutions of Li f1 = 0 for 1 ≤ i ≤ n.
Assume now that d ≥ 1 and fd ∈ md satisfies
Li fd + Ri fd−1 ∈ md, for 1 ≤ i ≤ n.
The integrability conditions yield [Zi, Z j] = 0 for 1 ≤ i, j ≤ n. Hence we obtain
(∗∗) 0 = [Zi, Z j] fd = −LiR j fd + L jRi fd + [Ri,R j] fd.
We have Ri fd ∈ md, and hence there is a polynomial gi,d ∈ C[x1, . . . , xm], homoge-
neous of degree d, such that Ri fd − gi,d ∈ md+1. Since [Ri,R j] fd ∈ md+1, we obtain
from (∗∗) that Lig j,d = L jgi,d for all 1 ≤ i, j ≤ n and therefore there is a polynomial
fd+1 ∈ C[x1, . . . , xm], homogeneous of degree d + 1, such that Li fd+1 = gi,d for
i = 1, . . . , n. The series ∑ fd of the terms of a sequence { fd} solving (∗) is a formal
power series solution of (2.1).
In particular, we can find solutions {z1}, . . . , {zν} ∈ C{{x1, . . . , xm}} to (2.1) with
d{zi}(0) = dxi(0) + idxi+n(0) for i = 1, . . . , n and d{zi}(0) = dxn+i(0) for i = n +
1, . . . , ν. It suffices then to take smooth functions z1, . . . , zν having Taylor series
{z1}, . . . , {zν} at 0. 
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2.4. Characteristic bundle and Levi form. [32] The underlying real distribution
and the characteristic bundle of Z are:
H = {Re Z | Z ∈ Z }, i.e H(U) = {Re Z | Z ∈ Z (U)}, ∀Uopen ⊂ M,(2.8)
H0M = {ξ ∈ T ∗M | ξ(X) = 0, ∀X ∈ H(M)}.(2.9)
To each characteristic covector ξ0 ∈ H0p0 M we associate a Hermitian symmetric
form on Zp0 M, by
(2.10) Lξ0(Z1, Z2) = iξ0([Z1, ¯Z2]), ∀Z1, Z2 ∈ Z (M).
In fact a straightforward verification shows that the value of the right hand side of
(2.10) only depends on Z1(p0), Z2(p0) ∈ Zp0 M.
Moreover, Lξ0(Z1, Z2) = 0 if one of the two vector fields is real valued on a
neighborhood of p0. Thus Lξ0 defines a Hermitian symmetric form on the quotient
of Zp0 M by the subspace Np0 M = {Z(p0) | Z ∈ Z (M) ∩Z (M)}, consisting of the
values at p0 of the complex multiples of the real vector fields in Z (M). Set
(2.11) ˇZp0 M = Zp0 M/Np0 M.
If ξ0 ∈ H0p0 M, then (2.10) defines a Hermitian symmetric form Lξ0 on ˇZp0 M, that
we call the Levi form of Z at ξ0.
Definition 2.6. Let p0 ∈ M and ξ0 ∈ H0p0 M. We say that Z is q-pseudoconvex at
ξ0 if Lξ0 is nondegenerate and has exactly q positive eigenvalues on ˇZp0 M.
If Z is 1-pseudoconvex at some ξ0 ∈ H0p0 M, we say that Z is Lorentzian at p0.
If Z (M) is generated by a single vector field L near p0, the condition of being
Lorentzian at p0 means that L(p0), ¯L(p0), and [L, ¯L](p0) are linearly independent
in CTp0 M.
2.5. Reduction of complete integrability to the case of CR manifolds. When
NpM has constant dimension on a neighborhood U of p0 ∈ M, then the real vector
fields in Z (U) define an involutive distribution N of real vector fields on U. By
the Frobenius theorem, there is an open neighborhood W of p0 in U and a smooth
fibration pi : W → B of W such that B is a smooth manifold and the fibers of pi are
integral submanifolds of N . One easily proves
Lemma 2.7. There is a CR structure Z ′ on B such that for every p ∈ W we have
OM,(p) = pi∗ OB,(pi(p)), and Z is completely integrable at p ∈ W if and only if Z ′ is
completely integrable at pi(p).
3. Involutive systems which are not completely integrable at p0
In this section, we give a weak generalization of the results of §1 to Lorentzian
CR manifolds M with arbitrary CR-codimension k ≥ 1 and CR-dimension n ≥ 2.
We recall that m = dimR M = 2n + k, and we set ν = n + k.
We closely follow the arguments of §1.
Assume that M is locally CR-embeddable and Lorentzian at p0. Then there is a
CR-chart (U, z1, . . . , zν) centered at p0, with dzi(p0) real for i = n + 1, . . . , ν, and
(3.1) Im zν + zνz¯ν +
∑n−1
i=1
z jz¯ j =
∑ν−1
i=n
z jz¯ j + O(|z|3) on U.
By shrinking, we get
∑ν−1
i=n ziz¯i ≥
1
2 Im zν on U.
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We consider the map pi : U ∋ p → w = (z1(p), . . . , zn−1(p), zν(p)) ∈ Cn. By a
further shrinking, we can assume that there is an open ball B ⊂ Cn, centered at 0,
such that
- pi(U) = ω¯, with B \ ω strictly convex, and ∂ω ∩ B smooth;
- if Im τ ≥ 0, then {w ∈ B | Im wn = τ} ⊂ ω;
- for all w ∈ ω the set Mw = pi−1(w) is diffeomorphic to the sphere S k;
- for w ∈ ∂ω ∩ B the set Mw = pi−1(w) is a point.
As in §1, we have:
Lemma 3.1. If u ∈ OM(U), then
(3.2) F(w) =
∫
Mw
u dzn ∧ · · · ∧ dzν−1 = 0, ∀w ∈ ω.
Proof. We prove first that F is holomorphic on ω.
Fix any polycylinder D = D1 × · · · × Dn in ω, with Di = {τ ∈ C | |τ − τi| ≤ ǫi}.
For 1 ≤ j ≤ n we set ∂ j(D) = {w ∈ D | |w j − τ j| = ǫ j}, γ j = ∂
∂w¯ j
⌋(dw¯1 ∧ · · · ∧ dw¯n)
and consider the integral∮
∂ jD
F(w)dw1 ∧ · · · ∧ dwn ∧ γ j =
∮
∂ jD
dw1 ∧ · · · ∧ dwn ∧ γ j
∫
Mw
u dzn ∧ · · · ∧ dzν−1.
Let Ni = pi−1(∂iD) and N = pi−1(D). We have ∂N = ∑ni=1 ±Ni. Moreover, the form
u dz1 ∧ · · · ∧ dzν ∧ pi∗γ j is zero on Ni for i , j. Thus we obtain:∮
∂ jD
F(w)dw1 ∧ · · · ∧ dwn ∧ γ j = ±
∫
N j
u dz1 ∧ · · · ∧ dzν ∧ pi∗γ j
=
∑n
i=1
∫
Ni
± u dz1 ∧ · · · dzν ∧ pi∗γ j = ±
∫
N
du ∧ dz1 ∧ · · · dzν ∧ pi∗γ j = 0
because du ∈ 〈dz1, . . . , dzν〉 by the assumption that u ∈ OM(U). This equality, valid
for all closed polycylinder D in ω and all 1 ≤ j ≤ n, implies that F is holomorphic
in ω. Clearly F(w) → 0 when w → ∂ω∩B, because Mw0 is a point for w0 ∈ ∂ω ∩ B,
and hence F = 0 on ω by Holmgren’s uniqueness theorem, since ¯∂ has constant
coefficients in Cn. 
Let ψ be a smooth function with compact support in C, and set
ˆψ(τ) = 1
2πi
"
ψ(ζ)dζ ∧ d¯ζ
ζ − τ
.
Then ∂
ˆψ
∂τ¯
= ψ and therefore
ψ♯(ζ, τ) = ¯ζψ(τ)dτ¯ + ˆψ(τ)d¯ζ = ¯∂(¯ζ ˆψ(τ))
is a ¯∂-closed form in C2, with
dψ♯ = ∂
ˆψ(τ)
∂τ
dτ ∧ d¯ζ + ¯ζ∂ψ(τ)
∂τ
dτ ∧ dτ¯ = dτ ∧ ∂
∂τ
ψ♯.
Lemma 3.2. Let U′ ⋐ U. If ψi, for i = 1, . . . , ν − 1, are smooth functions of a
complex variable τ, with |ψi| sufficiently small. Then
(3.3) θ1 = dz1 + ψ♯1(zn, zν), . . . , θν−1 = dzν−1 + ψ
♯
ν−1(zn, zν), θν = dzν
generate the involutive ideal sheaf J ′M of a CR structure of type (n, k) on U′.
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Proof. The ideal sheaf is generated on U by dz1, . . . , dzν. After shrinking, we can
assume that dz1, . . ., dzn, dz¯1, . . ., dz¯n are linearly independent on U.
Thus, by taking |ψi| sufficiently small, we may keep θ1, . . . , θν, ¯θ1, . . . , ¯θn lin-
early independent in any neighborhood U′ of p0 with U′ ⋐ U. Moreover, since
dψ♯i (zn, zν) ∧ dzν = 0, for 1 ≤ i < ν, we obtain
(dθi) ∧ θ1 ∧ · · · ∧ θν = dψ♯i (zn, zν) ∧ θ1 ∧ · · · ∧ θν−1 ∧ dzν = 0, ∀i = 1, . . . , ν − 1.
This shows that the ideal sheafJ ′M generated by θ1, . . . , θν is involutive and defines
a CR structure of type (n, k) on U′. 
Let us fix a sequence of distinct complex numbers {τ j}, such that
Im τ j > 0 for all j, τ j → 0, {wn = τ j} ∩ ω , ∅ for all j.
For each j we choose an open disk ∆ j in C, centered at τ j, and such that ¯∆ j ∩⋃
i, j ¯∆i = ∅. Provided the τ j’s are sufficiently close to 0, for each j we can fix
a point w( j) ∈ ω, with w( j)n = τ j, and w( j) → 0, and take the functions ψ j in
Lemma 3.2 in such a way that
suppψi =
⋃∞
j=0
¯∆i+ jν, for i = 1, . . . , n,
ci+ jν =
∫
Ai+ jν
ψ
♯
i (zn, zν) ∧ dzn ∧ · · · ∧ dzν−1 ∧ dzν is real and > 0,
where (e1, . . . , en is the canonical basis of Cn)
A j = pi−1({w( j) + (τ − τ j)en | τ ∈ ∆ j}).
Let u be a CR function on an open neighborhood V of p0 in U for the structure
defined by (3.3). This means that du(p) ∈ J ′M (p) for all p ∈ V . Since JM and J ′M
agree to infinite order outside ⋃ jpi−1({w | wn ∈ ∆ j}, and ⋃ j{w ∈ ω | wn ∈ ∆ j}
does not disconnect ω, by the argument of Lemma 3.1 we have (4.2) for all w in
the complement in pi(V) \⋃ j{w ∈ ω | wn ∈ ∆ j}. Thus we obtain
0 = ±
∮
τ∈∂∆ j
dτ
∫
M
w( j)+τen
udzn ∧ · · · ∧ dzν−1 = ±
∫
∂A j
u dzn ∧ · · · ∧ dzν
= ±
∫
A j
du ∧ dzn ∧ · · · ∧ dzν.
This yields ∫
Ai+ jν
∂u
∂zi
ψ
♯
i ∧ dzn ∧ · · · ∧ dzν = 0,
where, to compute ∂u
∂zi
, we consider any C1-extension of u as a function of the
complex variables z1, . . . , zν for which ¯∂u = 0 at all points of U. Taking the limit,
we observe that
c−1i+ jν
∫
Ai+ jν
∂u
∂zi
ψ
♯
i ∧ dzn ∧ · · · ∧ dzν −→
∂u(p0)
∂zi
=⇒
∂u(p0)
∂zi
= 0 ∀i = 1, . . . , ν− 1,
which, together with (2.1) shows that du(p0) ∈ C dzν(p0).
We have proved:
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Theorem 3.3. Let M be a CR manifold of type (n, k) and assume that M is Lorentzian
at a point p0. Then we can find a new CR structure of type (n, k) on a neighborhood
U of p0, which agrees with the original one to infinite order at p0, and a real codi-
rection η0 ∈ T ∗p0 M such that, if Z is the distribution of (0, 1)-vector fields for this
new structure, all solutions u ∈ C1 on a neighborhood of p0 to the homogeneous
system (2.1) satisfy du(p0) ∈ Cη0.
Proof. Indeed, using Lemma 2.5 we can always reduce to the case in which M is
locally embeddable at p0. 
Corollary 3.4. We can find a new CR structure of type (n, k) on U, which agrees
with the original one to infinite order at p0, and which is not CR-embeddable at p0.
4. Involutive systems whose solutions are critical at p0
In this section we improve the result of the previous section in the case of a
Lorentzian CR manifold of the hypersurface type.
We assume that M has CR-dimension n ≥ 2 and CR-codimension 1, and is
Lorentzian and locally embeddable at p0 ∈ M. We have m = dimR M = n + 2 and
we set ν = n + 1,
We can fix a CR-chart (U, z1, . . . , zν) centered at p0, with
(4.1) Im zν +
∑ν
i=2
ziz¯i = z1z¯1 + O(|z|3) on U.
By shrinking, we get that z1z¯1 ≥ 12 Im zν on U. Consider the map pi : U ∋ p →
w = (z2(p), . . . , zν(p)) ∈ Cn. By a further shrinking, we can assume that there is an
open ball B ⊂ Cn, centered at 0, such that
- pi(U) = ω¯, with B \ ω strictly convex, and ∂ω ∩ B smooth;
- if Im τ ≥ 0, then {w ∈ B | Im wn = τ} ⊂ ω;
- for all w ∈ ω the set Mw = pi−1(w) is diffeomorphic to the circle S 1;
- for w ∈ ∂ω ∩ B the set Mw = pi−1(w) is a point.
By repeating the proof of Lemma 3.1, we obtain
Lemma 4.1. If u ∈ OM(U), then
(4.2) F(w) =
∮
Mw
u dz1 = 0, ∀w ∈ ω. 
Since 2 z1 z¯1 ≥ Im zν on U, for any smooth function ψ of a complex variable
τ, with suppψ ⊂ {Im τ ≥ 0}, the function z−11 ψ(zν) can be extended to a smooth
function on U, vanishing to infinite order on {z1 = 0} ∩ U.
Lemma 4.2. If ψi, for i = 1, . . . , ν are smooth fuctions of a complex variable τ,
with support contained in {Im τ ≥ 0}, then
(4.3) θ1 = dz1 + z−11 ψ1(zν)dz¯ν, . . . , θν = dzν + z−11 ψν(zν)dz¯ν
(the functions z−11 ψi(zν) are put = 0 for z1 = 0) generate the ideal sheaf J ′U′ of a
CR structure of type (n, 1) in a neighborhood U′ of p0 in U, which agrees to infinite
order with the original one at p0.
Proof. By the condition on the supports, the functions z−11 ψi(zν) are smooth on U
and vanish to infinite for z1 = 0, and in particular at p0. Thus θ1, . . ., θν, ¯θ1, . . ., ¯θn
yield a basis of CTpM for p in a suitable neighborhood U′ of p0, and agree with
dz1, . . . , dzν, dz¯1, . . . , dz¯n to infinite order at p0.
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We have moreover
dθi = z−11
∂ψi(zν)
∂zν
dzν ∧ dz¯ν − z−21 ψi(zν)dz1 ∧ dz¯ν.
Hence
dθi ∧ θ1 ∧ · · · ∧ θν = dθi ∧ dz1 ∧ · · · ∧ dzν = 0
shows that J ′U′ is involutive. The proof is complete. 
Let us fix a sequence of distinct complex numbers {τ j}, such that
Im τ j > 0 for all j, τ j → 0, {wn = τ j} ∩ ω , ∅ for all j.
For each j we choose an open disk ∆ j in C, centered at τ j, and such that ¯∆ j ∩⋃
i, j ¯∆i = ∅. Provided the τ j’s are sufficiently close to 0, for each j we can fix
a point w( j) ∈ ω, with w( j)n = τ j, and w( j) → 0, and take the functions ψ j in
Lemma 4.2 in such a way that
suppψi =
⋃∞
j=0
¯∆i+ j(ν+1) , for i = 1, . . . , ν,
ci+ j(ν+1) =
∫
Ai+ j(ν+1)
z−11 ψi(zν)dz¯ν ∧ dz1 ∧ dzν is real and > 0,
where
A j = pi−1({w( j) + (τ − τ j)en | τ ∈ ∆ j}).
Here we denoted by e1, . . . , en the canonical basis of Cn.
Let u be a CR function on an open neighborhood V of p0 in U′ for the structure
defined by (5.2). This means that du(p) ∈ J ′U′ (p) for all p ∈ V . Since JM and J ′U′
agree to infinite order on pi(U′) outside⋃i suppψi(w), and this set does not discon-
nect U, by the argument of Lemma 3.1 we have (4.2) for all w in the complement
in pi(V) of⋃ j{w ∈ ω | wn ∈ ∆ j}. Thus we obtain
0 = ±
∮
τ∈∂∆ j
dτ
∮
M
w( j)+τen
u dzn = ±
∫
∂A j
u dz1 ∧ dzν = ±
∫
A j
du ∧ dz1 ∧ dzν.
This yields
(4.4) Ii+ j(ν+1)(u) =
∫
Ai+ j(ν+1)
∂u
∂zi
z−11 ∧ dz¯ν ∧ dz1 ∧ dzν = 0,
where, to compute ∂u
∂zi
, we consider any C1-extension of u as a function of the
complex variables z1, . . . , zν for which ¯∂u = 0 at all points of V . When j → ∞,
c−1i+ j(ν+1)Ii+ j(ν+1) →
∂u(p0)
∂zi
. Hence, from (4.4) we obtain that ∂u(p0)
∂zi
= 0 for
1 ≤ i ≤ ν, which, together with (2.1) shows that du(p0) = 0.
We have proved:
Theorem 4.3. If M is a CR manifold of type (n, 1) and is Lorentzian at p0 ∈ M,
then we can find a new CR structure of type (n, 1) on an open neighborhood U of
p0 in M, which agrees with the original one to infinite order at p0, such that, if Z
is the distribution of (0, 1)-vector fields for this new structure, all solutions u ∈ C1
on a neighborhood of p0 to the homogeneous system (2.1) satisfy du(p0) = 0.
Proof. We can apply the discussion above after reducing, by Lemma 2.5, to the
case in which M is locally CR-embeddable at p0. 
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5. The case of higher codimension
In this section we extend the result of Theorem 4.3 to some CR manifolds with
CR dimension and CR codimension both greater than 1. To this aim we will first
recall some results on weak unique continuation and next consider morphisms of
CR manifolds.
5.1. Minimal locally CR-embeddable CR manifolds and unique continuation.
We recall that a CR submanifold M is minimal at p0 ∈ M if there is no germ
(N, p0) of CR submanifold of M at p0, having the same CR dimension, but smaller
CR codimension. We have
Lemma 5.1. Assume that M is minimal and locally CR-embeddable at p0 ∈ M.
Let (S , p0) be a germ of a CR submanifold of M, of type (0, ν). Then a germ
f ∈ OM,(p0) of a CR function at p0, vanishing on (S , p0), is equal to 0.
If M is minimal and locally CR-embeddable at all points, then the CR functions
on M satisfy the weak unique continuation principle.
Proof. In the first part of the proof, we can assume that M is a generic CR subman-
ifold of an open set in Cν. For any open neighborhood U of p0 in M, there are an
open neighborhood U0 of p0 in U, and an open wedge W in Cν, with edge U0, such
that, the restriction u|U0 of any u ∈ OM(U) is the boundary value of a holomorphic
function u˜, defined on W (see [42, 43, 6]). Assume now that u ∈ OM(U) vanishes
on S . Then u˜ = 0 by the edge of the wedge theorem (see [38]), and therefore u = 0.
The last statement follows by unique continuation for holomorphic functions on
open subsets of Cν. 
5.2. CR-maps with simple singularities. Let M, N be CR manifolds. A smooth
map pi : M → N is CR if dpi(T 0,1 M) ⊂ T 0,1N. We say that pi is
- a CR-immersion if ker dpi = 0 and dpi(T 0,1 M) = dpi(CT M) ∩ T 0,1N;
- a CR-submersion if dpi(Tp M) = Tpi(p)N and dpi(T 0,1p M) = T 0,1pi(p)N, ∀p ∈ M;
- a local CR-diffeomorphism if it is at the same time a CR-immersion and a
CR-submersion.
Next we consider critical points of some CR-maps.
Let k ≥ 1 and pi : M → N a CR-map, with M of type (n, k) and N of type
(n, k − 1).
If p0 ∈ M is not a critical point of pi, then pi is a CR-submersion near p0.
Assume now that p0 is a critical point of pi, and q0 = pi(p0) the corresponding
critical value. Then the rank of dpi(p0) is less than 2n + k − 1. Assume that it is
exactly equal to 2n + k − 2. Then the dual map dpi∗(p0) : T ∗q0 N → T ∗p0 M is not
injective, and has a 1-dimensional kernel.
Definition 5.2. If ker dpi∗(p0) ∩ H0q0 N = {0}, we say that pi has at p0 a CR-
noncharacteristic singularity.
Assume that this is the case and fix 0 , η0 ∈ ker dpi∗(p0). Then there is η′0,
uniquely determined modulo H0q0 N, such that η0 + iη
′
0 ∈ Z
0
q0 N, and we obtain an
element ξ0 ∈ H0p0 M, with 0 , ξ0 = dpi
∗(p0)(η′0).
Definition 5.3. If we can choose η′0 in such a way that Lξ0 has 1 positive and
n − 1 negative eigenvalues, we say that pi has a Lorentzian CR-non characteristic
singularity at p0.
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Assume now that M and N are locally CR-embeddable at p0, q0, respectively,
and that Lξ0 has 1 positive and (n − 1) negative eigenvalues. We set ν = n + k.
We can choose CR-charts (U; z1, . . . , zν) of M, centered at p0, and (W; w2, . . . ,wν)
of N, centered at q0, with pi(U) ⊂ W and z j = pi∗w j for j = 2, . . . , ν, such that
iξ0 = dzν(p0), and
Im zν = h(z) on U, with h(z) = z1z¯1 −
∑ν
i=2
ziz¯i + O(|z|3).
Lemma 5.4. Let D = {p ∈ U | z1(p) = 0}. Then, there is an open neighborhood
U′ of p0 in U, an open neighborhood ω of q0 in N, and an open domain ω− in ω,
with q0 ∈ ∂ω−, such that
(1) ω− ⊂ pi(U′) ⊂ ω, pi(D∩U′) ⊂ ∂ω and ω is strictly pseudoconcave at q0;
(2) pi : U′ → N is proper and, for q ∈ pi(U′), pi−1(q) is either a point or is
diffeomorphic to a circle.
Proof. Provided U is sufficiently small, the restriction of pi to D is a smooth diffeo-
morphism of D onto a closed hypersurface pi(D) in an open neighborhood ω of q0
in N. By further shrinking, we can assume that A \ pi(D) consists of two connected
components ω+ and ω− and that ω− ⊂ pi(U).
Since ω− = {Im wν +
∑ν
i=2wiw¯i + O(|w|3) > 0} near q0, we have q0 ∈ ∂ω− and
ω− strictly pseudoconcave at q0. Moreover, by taking U small, we can assume that
Im zν + 32
∑ν
i=2
ziz¯i ≥
1
2z1z¯1 on U,
and therefore we obtain an U′ satisfying (1) and (2) by setting U′ = U ∩ pi−1(ω)
for a smaller neighborhood ω of q0 in N. 
5.3. Perturbation of the CR structure of M. We keep the notation of §5.2, and
we shall assume that (1) and (2) of Lemma 5.4 hold true with U′ = U.
Lemma 5.5. Assume that N is a minimal CR manifold. If u is a CR function on a
connected open neighborhood V of p0 in U, then
(5.1) g(q) :=
∮
pi−1(q)
u dz1 = 0, ∀q ∈ pi(V).
Proof. First we note that W = pi(V) ∪ (ω \ pi(U)) is a neighborhood of q0 in N.
The function g, equal to the left hand side of (5.1) for w ∈ pi(V) and 0 on W \ pi(V)
is continuous, because the fiber pi−1(q) shrinks to a point when q → ∂pi(V) ∩ ω.
Since pi(V) is connected and its connected component in W contains an open subset
where g = 0, our contents follows by the weak unique continuation principle (see
Lemma 5.1) if we show that g is a CR function on W . To this aim, it suffices to
show that ∫
N
dg ∧ η = 0, ∀η ∈ Ω2n+k−20 (W) ∩ Jn+k−1N (W),
where Ω∗0(W) means smooth exterior forms with compact support in W . We note
that pi∗η ∈ Ω2n+k−20 (V)∩Jn+k−1M (W), because the map pi is CR and proper. Thus we
obtain ∫
N
dg ∧ η =
∫
M
du ∧ dz1 ∧ pi∗η = 0,
because u is CR on a neighborhood of the support of dz1 ∧ pi∗η ∈ Ω2n+k−20 (V) ∩
Jn+kM (V). The proof is complete. 
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By shrinking, we get 2 z1z¯1 ≥ Im zν on U. In particular, if ψ is a smooth function
of one complex variable τ, with suppψ ⊂ {Im τ ≥ 0}, the function z−11 ψ(zν) can be
extended to a smooth function on U, vanishing to infinite order on {z1 = 0} ∩ U.
Lemma 5.6. If ψi, for i = 1, . . . , ν are smooth fuctions of a complex variable τ,
with support contained in {Im τ ≥ 0}, then
(5.2) θ1 = dz1 + z−11 ψ1(zν)dz¯ν, . . . , θν = dzν + z−11 ψν(zν)dz¯ν
(the functions z−11 ψi(zν) are put = 0 for z1 = 0) generate the ideal sheaf J ′U′ of a
CR structure of type (n, k) in a neighborhood U′ of p0 in U, which agree to infinite
order with the original one at p0.
Proof. By the condition on the supports, the functions z−11 ψi(zν) are smooth on U
and vanishing to infinite for z1 = 0, and in particular at p0. Thus θ1, . . ., θν, ¯θ1,
. . ., ¯θn yield a basis of CTpM for p in a suitable neighborhood U′ of p0, and agree
with dz1, . . . , dzν, dz¯1, . . . , dz¯n to infinite order at p0. We have moreover
dθi = z−11
∂ψi(zν)
∂zν
dzν ∧ dz¯ν − z−21 ψi(zν)dz1 ∧ dz¯ν.
Hence
dθi ∧ θ1 ∧ · · · ∧ θν = dθi ∧ dz1 ∧ · · · ∧ dzν = 0
shows that J ′U′ is involutive. The proof is complete. 
Let us fix a sequence of distinct complex numbers {τ j}, such that
Im τ j > 0 for all j, τ j → 0, {wn = τ j} ∩ ω , ∅ for all j.
For each j we choose an open disk ∆ j in C, centered at τ j, in such a way that
¯∆ j ∩
⋃
i, j ¯∆i = ∅. Next we choose balls B j in Cν−2 with
K j = {q ∈ ω | (w2(q), . . . ,wν−1(q)) ∈ B j, wν ∈ ¯∆ j} ⋐ ω.
We set ∂0K j = {q ∈ K j | wν(q) ∈ ∂∆ j}, A j = pi−1(K j). Note that the A j’s are
compact because pi is proper.
Then we take the functions ψi in Lemma 5.6 in such a way that, for suitable
forms η j ∈ Ωn−10 (B j), we have
suppψi =
⋃∞
j=0
¯∆i+ j(ν+1) , for i = 1, . . . , ν,
ci+ j(ν+1) =
∫
Ai+ j(ν+1)
z−11 ψi(zν)dz¯ν ∧ dz1 ∧ · · · ∧ dzν ∧ pi∗η j is real and > 0.
Let u be a CR function on a connected open neighborhood V of p0 in U′ for
the structure defined by (5.2). Since JM and J ′U′ agree to infinite order on pi(U′)
outside E = {wν ∈
⋃
i suppψi}, and this set does not disconnect pi(V), by the
argument of Lemma 5.5 we have (5.1) for all q in the complement in pi(V) of E.
Thus we obtain
0 =
∫
∂K j
(∮
pi−1(q)
u dz1
)
dw2 ∧ · · · ∧ dwν ∧ η j =
∫
∂A j
u dz1 ∧ · · · ∧ dzν ∧ pi∗η j
=
∫
A j
du ∧ dz1 ∧ · · · ∧ dzν ∧ pi∗η j, yielding
(5.3)
∫
Ai+ j(ν+1)
∂u
∂zi
z−11 ψi(zν) dz¯ν ∧ dz1 ∧ · · · ∧ dzν ∧ pi∗ηi+ j(ν+1) = 0,
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where, to compute ∂u
∂zi
, we consider any C1-extension of u as a function of the
complex variables z1, . . . , zν for which ¯∂u = 0 at all points of V . But
c−1i+ j(ν+1)
∫
Ai+ j(ν+1)
∂u
∂zi
z−11 ψi(zν) dz¯ν ∧ dz1 ∧ · · · ∧ dzν ∧ pi∗ηi+ j(ν+1)
converges to
∂u(p0)
∂zi
when j → +∞. Therefore ∂u(p0)
∂zi
= 0 for i = 1, . . . , ν.
Together with (2.1), this shows that du(p0) = 0.
We have proved:
Theorem 5.7. Let M, N, be CR manifolds of types (n, k) and (n, k−1), respectively,
with k ≥ 1. Assume that N is minimal and that there is a CR map pi : M → N
having a Lorentzian CR-non characteristic singularity at p0 ∈ M. Then we can
find a new CR structure of type (n, k) on an open neighborhood U of p0 in M,
which agrees with the original one to infinite order at p0, such that, if Z is the
distribution of (0, 1)-vector fields for this new structure, all solutions u ∈ C1 on a
neighborhood of p0 to the homogeneous system (2.1) satisfy du(p0) = 0.
Proof. The discussion above proves the theorem in the case where both M and
N are locally CR-embeddable at p0 and at q0 = pi(p0), respectively. In general,
we can reduce to this case by taking formal power series solutions {z}1, . . . , {z}ν at
p0, {w}2, . . . , {w}ν at q0, to the homogeneous tangential Cauchy-Riemann systems
on M and N, respectively, with {z j} = pi∗{w} j for j = 2, . . . , ν. Then we take
smooth functions w2, . . . ,wν on N having Taylor series {w}2, . . . , {w}ν at q0, define
z j = pi∗w j for j = 2, . . . , ν, and choose a smooth function z1 on M with Taylor
series {z1} at p0. By restricting to a suitable neighborhood U of p0 in M and W
of q0 in N, we obtain CR-charts (U; z1, . . . , zν) and (W; w2, . . . ,wν) for new CR
structures which agree to infinite order with the original ones at p0 in M and at q0
in N. The same map pi has a Lorentizian CR-noncharacteristic singularity at p0 also
for the new locally CR-embeddable CR structures, so that the previous discussion
applies. 
5.4. Example. Let n ≥ 1, k ≥ 1, ν = n + k, and N any CR manifold of type
(n, k − 1), contained in an open neighborhood G of 0 in Cν−1, and minimal. Let
w1, . . . ,wν−1 be the canonical holomorphic coordinates of Cν−1 and assume that
dw1 and dw¯1 are linearly independent on N.
Let φ : Cν ∋ (z1, . . . , zν) → (z1, . . . , zν−1) ∈ Cν−1 be the projection onto the first
ν − 1 coordinates. If
M =
{
z ∈ Cν | φ(z) ∈ N, Im z1 +
∑ν−1
i=1
ziz¯i = zνz¯ν
}
,
then M is a minimal CR submanifold of type (n, k) of pi−1(G) ⊂ Cν, and the re-
striction of φ describes a CR map pi : M → N which has at 0 a Lorentzian CR-
noncharacteristic singularity.
In particular, there are CR structures on a minimal Lorentzian CR manifol M of
arbitrary CR codimension such that a point p0 ∈ M is critical for all CR functions
defined on a neighborhood of p0.
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6. Tangential Cauchy-Riemann complexes and a global example
Throughout this section, M is a smooth CR manifold, of positive CR dimension
n, and arbitrary CR codimension k ≥ 0. We set ν = n + k, and denote by Z the
distribution of smooth complex vector fields of type (0, 1) on M.
We recall that OM(U) is the space of CR functions of class C1 on Uopen ⊂ M. We
set O∞M(U) = OM(U)∩C∞(U), and O∞M( ¯U) = OM(U)∩C∞( ¯U) for the restrictions
to ¯U of smooth functions on M, which are CR in U. Likewise, when Ω is an open
subset of a complex manifold X, we write O( ¯Ω) for C∞( ¯Ω) ∩ O(Ω).
6.1. Definition of the ¯∂M-complexes. LetJM be the ideal sheaf, corresponding to
the characteristic distribution Z of (0, 1)-vector fields on M. Formal integrability
of Z is equivalent (see Lemma 3.2) to
(6.1) dJM ⊂ JM .
This implies that also d(JM)a ⊂ (JM)a, where, for each positive integer a, (JM)a
is the a-th exterior power of the ideal JM, and we set (JM)0 = Ω∗M. We can define
cochain complexes on M by considering the quotients Qa,∗M = (JM)a/(JM)a+1 and
the map ¯∂M : Qa,∗M → Q
a,∗
M induced on the quotients by the exterior differential.
We have
Q
a,∗
M =
⊕
q≥0
Q
a,q
M , with Q
a,q
M = ((JM)a ∩Ω
a+q
M )/((JM)a+1 ∩ Ω
a+q
M ),
and ¯∂M(Qa,qM ) ⊂ Qa,q+1M . This indeed was the intrinsic definition for the tangential
Cauchy-Riemann complexes on CR manifolds given in [32].
Let Za,q(U) = { f ∈ Qa,q(U) | ¯∂M f = 0} and Ba,q(U) = ¯∂M(Qa,q−1M (U)). The
quotient Ha,q(U) = Za,q(U)/Ba,q(U) is the cohomology group of the smooth coho-
mology of ¯∂M on U in bidegree (a, q). We set
Ha,q(p0) = lim
−→ p0∈Uopen
Ha,q(U)
for the group of germs of bidegree (a, q)-cohomology classes at p0.
Let us give a more explicit description of the equations involved in the ¯∂M-
complexes.
An element of Za,q(U) has a representative f ∈ Ωp+qM (U). The conditions thatf ∈ (JM)a and that its class [ f ] ∈ Za,q(U) satisfies the integrability condition
¯∂M[ f ] = 0 are expressed by
(6.2)

f ∧ η1 ∧ · · · ∧ ην−a+1 = 0, ∀η1, . . . , ην−a+1 ∈ J1M(U),
d f ∧ η1 ∧ · · · ∧ ην−a+1 = 0, ∀η1, . . . , ην−a+1 ∈ J1M(U),
and the equation ¯∂Mα = [ f ] for α ∈ Qa,q−1(U) is equivalent to finding u ∈
Ω
a+q−1
M (U) such that
(6.3)

u ∧ η1 ∧ · · · ∧ ην−a+1 = 0, ∀η1, . . . , ην−a+1 ∈ J1M(U),
(du − f ) ∧ η1 ∧ · · · ∧ ην−a+1 = 0, ∀η1, . . . , ην−a+1 ∈ J1M(U).
Both equation (6.2) and (6.3) are meaningful when f , u are currents, and there-
fore we can consider the ¯∂M-complexes on currents, or require different degrees of
regularity on the data and the solution.
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6.2. Absence of Poincare´ lemma. In general, the ¯∂M-complexes are not acyclic
(see e.g. [3, 4, 18, 32]). In fact, the perturbations we used in the previous section to
deduce non complete-integrability results utilize elements of H0,1(p0). The argu-
ments of §4 provide simpler proofs of the absence of the Poincare´ lemma in some
special cases. We have e.g. (see §4)
Proposition 6.1. Let M be a CR manifold of type (n, 1), which is locally CR-
embeddable and Lorentzian at p0, and let (U; z1, . . . , zν), with ν = n + 1, be a CR
chart centered at p0 for which (4.1) holds and 2z1 z¯1 ≥ Im zν on U.
Let ψ be a smooth function of one complex variable τ, with compact support
contained in {Im τ ≥ 0}. Then ω = z−11 ψ(zν)dz¯ν, continued by 0 where z1 = 0,
defines a smooth ¯∂M-closed 1-form. A necessary and sufficient condition for ω to
be cohomologous to 0 is that
(6.4)
"
τhψ(τ)dτ ∧ dτ¯ = 0, ∀h ∈ Z, h ≥ 0.
Proof. Assume indeed that there is u ∈ C1(U) such that ¯∂Mu = [ω]. We keep the
notation of §4 for pi, ω, B, and use integration on the fiber to define
g(w) = −12πi
∮
Mw
u dz1, i.e.
∫
ω
gφ =
∫
U
u ∧ dz1 ∧ pi∗φ, ∀φ ∈ Ω2n.
Clearly g = 0 on ∂ω ∩ B and furthermore we obtain∫
ω
dg ∧ η = −12πi
∫
U
du ∧ dz1 ∧ pi∗η
=
−1
2πi
∫
z−11 ψ(zν)dz¯ν ∧ dz1 ∧ pi∗η =
∫
ω
ψ(wn)dw¯n ∧ η
∀η ∈ Ωn−1,n0 (ω).
Thus g satisfies 
¯∂g = ψ(wn)dw¯n, on ∂ω,
g = 0, on ∂ω ∩ B.
These equations imply that τ → g(0, τ) has compact support and hence that the
equation ∂v/∂τ¯ = ψ(τ) has a solution with compact support. This is equivalent to
the momentum conditions (6.4) in the statement. 
Wy can repeat the same argument to show that the ¯∂M complexes are not acyclic
in dimension q when M is strictly q-pseudoconvex at p0. Still restraining to type
(n, 1) this condition means that, for a suitable CR chart (U; z1, . . . , zν) centered at
p0 we have
(6.5) Im zν +
∑ν
i=q+1
ziz¯i =
∑q
i=1
ziz¯i + O(|z|3) on U.
Here ν = n+ 1. By taking U small we can assume that Im zν ≤ 2
∑q
i=1ziz¯i on U. Set
ℓ = ν − q. By taking U sufficiently small we obtain a proper map
(6.6) pi : U ∋ p → (zq+1(p), . . . , zν(p)) ∈ ω ⊂ Cℓ,
with ω the complement of a strictly convex open subset in an open ball B of Cℓ,
and Mw ∼ S 2q−1 for w ∈ ω˚ and Mw ∼ a point for w ∈ ∂ω ∩ B. Let
Kq−1(z1, . . . , zq) =
∑q
i=1z¯i ωi(z1, . . . , zq)
(∑qi=1 ziz¯i)q with ωi(z1, . . . , zq) =
∂
∂z¯i
⌋dz¯1 ∧ · · · dz¯q.
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Proposition 6.2. Let M be a CR manifold of type (n, 1), which is locally CR-
embeddable and strictly q-pseudoconvex at p0. Take a CR-chart (U, z1, . . . , zν)
with (6.5), Im zν ≤ 2z1z¯1 on U, and let pi : M → ω be given by (6.6).
If ψ is a smooth function with compact support of one complex variable τ, with
suppψ ⊂ {Im τ ≥ 0}, then ω = ψ(zν)dz¯ν ∧ Kq−1(z1, . . . , zq), continued by 0 where
z1 = 0, defines a smooth ¯∂M-closed q-form on U, and (6.4) is a necessary and
sufficient condition for ω to be cohomologous to 0.
Proof. The proof is analogous to that of Proposition 6.1. Here we need to utilize,
instead of Cauchy’s formula, the identity∫
pi−1(w)
Kq−1(z1, . . . , zq) ∧ dz1 ∧ · · · ∧ dzq = (−1)
q(q−1)/2(q−1)!
(2πi)q ,(6.7)
∀w ∈ ω˚ ∩ suppψ(wℓ).
We have indeed d(Kq−1(z1, . . . , zq) ∧ dz1 ∧ · · · ∧ dzq) = 0 and then the value of the
left hand side of (6.7) is a homology invariant. For all w ∈ ω˚, the fiber pi−1(w)
is equivalent to the sphere S 2q−1. Then the value in (6.7) can be computed by
integrating on S 2q−1 (see [24]). 
6.3. Strictly pseudoconvex subdomains of CR manifolds. Let Ω be an open set
in M. Saying that ∂Ω is smooth at a point p0 ∈ ∂Ω means that there is an open
neighborhood U of p0 in M and a smooth real valued function φ ∈ C∞(U,R) such
that
(6.8) Ω ∩ U = {p ∈ U | φ(p) < 0}, dφ(p0) , 0.
Definition 6.3. We say that Ω is strictly pseudoconvex at p0 if Ldφ(p0) > 0 on
Zp0 M ∩ ker dφ(p0).
Note that Zp0 M ∩ ker dφ(p0) = Zp0 M when dφ(p0) ∈ H0p0 M.
We need to introduce a weaker notion of CR function on M.
Definition 6.4. If Uopen ⊂ M, we say that u ∈ C0(U) is CR if∫
U
u dη = 0, ∀η ∈ (JM)ν(U) ∩Ω2n+k−1M,0 (U),
where we indicate by Ω∗M,0(U) smooth exterior forms having compact support in U.
If M is a CR submanifold of a complex manifold X and is minimal at p0, then all
germs of continuous CR functions extend holomorphically to wedges in X whose
edges contain neighborhoods of p0 (see [42, 43]). We set OcontM for the sheaf of
germs of continuous CR functions on M. For every Uopen ⊂ M, the space OcontM (U)
is Fre´chet for the topology of uniform convergence on the compact subsets of U.
Definition 6.5. Let Ω be an open subset of M, f ∈ OM(Ω), and p0 ∈ ∂Ω. We say
that f weakly CR-extends beyond p0 if there exists a connected open neighborhood
U of p0 in M and g ∈ OcontM (U) such that {p ∈ Ω ∩ U | g(p) = f (p)} has a non
empty interior.
Proposition 6.6. Let M be a CR submanifold of CR-dimension n ≥ 1 and arbitrary
CR codimension k ≥ 0 of a Stein manifold X, andΩ a smooth strictly pseudoconvex
domain in X, with ∂Ω∩M , ∅. Let M0 be the set of points of M∩∂Ω at which M is
minimal. Consider on O( ¯Ω) the natural Fre´chet topology of uniform convergence
with all derivatives on the compact subsets of ¯Ω.
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Then the set E of the elements f ∈ O( ¯Ω) such that f |M∩ ¯Ω weakly CR-extends
beyond some point p ∈ M0 is of the first Baire category in O( ¯Ω).
Proof. Fix a point p0 ∈ M0 and a countable fundamental system of open neigh-
borhoods {Vν}ν∈N of p0 in X. We can assume that for every ν ∈ N the intersection
M ∩ Vν is connected and contained in the set of minimal points of M. In particu-
lar, two CR functions on M ∩ Vν which agree on some non empty open subset of
M ∩ Vν, are equal on all M ∩ Vν. For each ν the set
Fν = {( f , g) ∈ O( ¯Ω) × OcontM (M ∩ Vν) | g = f on M ∩ Ω ∩ Vν}
is a Fre´chet space, being a closed subspace of O( ¯Ω) × OcontM (M ∩ Vν).
Let πν : Fν → O( ¯Ω) be the projection into the first component.
Assume by contradiction that the set of f ∈ O( ¯Ω) such that f |M∩Ω can be weakly
CR-continued beyond p0 is of the second Baire category. Then
⋃
ν∈N πν(Fν) is of
the second Baire category, and hence at least one πν0(Fν0) is of the second Baire
category in O( ¯Ω). Hence πν0(Fν0) = O( ¯Ω) and, by Banach-Shauder’s theorem,
the map πν0 : Fν0 → O( ¯Ω) is open (see e.g [39, §2.1]). By the assumption of
minimality and the fact that Lemma 5.1 also applies to continuous CR functions,
for each f ∈ O( ¯Ω) there is at most one g ∈ OcontM (M ∩ Vν) such that ( f , g) ∈ Fν.
Thus, we conclude that there is a relatively compact open neighborhood V of p0
in X such that
∀ f ∈ O( ¯Ω) ∃!g ∈ OM(M ∩ V) with f = g on M ∩ Ω ∩ V and(6.9)
|g(p)| ≤ ‖ f ‖ℓ,K , ∀p ∈ M ∩ V,(6.10)
where K is a compact subset of ¯Ω and ‖ f ‖ℓ,K a seminorm involving the derivatives
of f up to order ℓ on K. Let Kν be a sequence of compact subsets of X such that
Kν+1 ⋐ int(Kν), for all ν ∈ N, and ⋂ν Kν = K. By Cauchy’s inequalities, there are
constants Cν > 0 such that
‖ f ‖ℓ,K ≤ CνsupKν | f |, ∀ f ∈ O(X).
Using (6.10) we obtain
| f (p)| ≤ CνsupKν | f |, ∀ f ∈ O(X), ∀p ∈ M ∩ V.
By applying this inequality to the positive integral powers of the entire functions
on X, we obtain that
| f (p)| ≤ C1/hν supKν | f |, ∀ f ∈ O(X), ∀p ∈ M ∩ V, ∀0 < h ∈ N
=⇒ | f (p)| ≤ supKν | f |, ∀ f ∈ O(X), ∀p ∈ M ∩ V.
Since ⋂νKν = K, we obtain
| f (p)| ≤ supK | f |, ∀ f ∈ O(X).
But this gives a contradiction, because the fact that Ω is strictly pseudoconvex
implies that ¯Ω is holomorphically convex in X.
We showed that, for every point p ∈ M0, the set Ep of f ∈ O( ¯Ω) for which
f |M∩Ω weakly CR-extends beyond p is of the first Baire category in O( ¯Ω). The set
M0 is separable. Then we take a dense sequence {pν} in M0 and we observe that
E =
⋃
ν∈N Epν is of the first Baire category, being a countable union of sets of the
first Baire category. 
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6.4. The Cauchy problem for ¯∂M. Let Fclosed,Uopen ⊂ M. Set, for all a =
0, . . . , ν, q = 0, . . . , n,
Q
a,q(U; F) = { f ∈ Qa,q(U) | f = 0∞ on F ∩ U}.
Clearly (Qa,∗(U; F), ¯∂M) is a subcomplex of (Qa,∗(U), ¯∂M) and we can consider
the cohomology groups
Ha,q(U, F) = ker( ¯∂M : Qa,q(U; F) → Qa,q+1(U; F))/ ¯∂MQa,q−1(U; F)
and also their germs
Ha,q(p0, F) = lim
−→ p0∈Uopen
Ha,q(U, F).
We obtain from Proposition 6.6
Proposition 6.7. Let M be a CR submanifold of positive CR dimension n of a
Stein manifold X. Let M′ be the set of points of M where M is minimal. Let Ω be
a strictly pseudoconvex open subset of X, with M0 = M′ ∩ ∂Ω , ∅. Then the set
of α ∈ H0,1(M, ¯Ω ∩ M) that restrict to the zero class of H0,1(p, ¯Ω ∩ M) for some
p ∈ M0 is infinite dimensional.
More precisely, if we consider the Fre´chet space
F = { f ∈ Ω1(M) | f |
¯Ω∩M = 0∞, d f ∈ JM},
then the set of f ∈ F for which we can find p ∈ M0 and u(p) ∈ C0(p) with u(p) van-
ishing on ¯Ω∩ M, and ¯∂Mu(p) = f(p), span a linear subspace of infinite dimensional
codimension in F . Here we wrote f(p) for the germ of f at p, and the equality
¯∂Mu(p) = f(p) has to be interpreted in the weak sense: it means that there is an
open neighborhood Up of p and a continuous function u ∈ C(Up), vanishing on
¯Ω ∩ Up, such that∫
M
u dη = −
∫
M
f ∧ η, ∀η ∈ (JM)ν(Up) ∩ Ω2n+k−10 (Up).
Proof. Let g ∈ O( ¯Ω). By Whitney’s extension theorem, there is a smooth complex
valued function g˜ on X with g˜ = g on ¯Ω. Then f = ¯∂g˜|M is an element of F . Let
w = g˜|M . Then w is a smooth function on M and its restriction to M ∩ Ω is CR.
If p ∈ M0 and u(p) ∈ C0(p) solves ¯∂Mu(p) = f(p), then w(p) + u(p) yields a weak CR
extension of w|M∩Ω beyond p. Therefore the thesis follows by Proposition 6.6. 
Let N be a smooth submanifold of M. Its conormal bundle in M at p ∈ N is
T ∗N,pM = {ξ ∈ T
∗
pM | ξ(v) = 0, ∀v ∈ TpN}.
Definition 6.8. We say that N is characteristic at p ∈ N if T ∗N,pM ∩ H
0
pM , {0}.
Equivalently, N is non characteristic at p ∈ N if it contains a germ (N′, p) of CR
submanifold of type (0, ν) of M. We have the following
Lemma 6.9. Let M be a CR manifold of positive CR dimension n, and N a smooth
submanifold of M. Let U be an open neighborhood of a non characteristic point
p0 of N.
If f ∈ Q0,1(U, N) and u ∈ C∞(U) solves
(6.11)

¯∂Mu = f on U,
u = 0 on N
then u vanishes to infinite order at p0.
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Proof. The statement follows by the uniqueness in the formal non characteristic
Cauchy problem. 
6.5. The canonical bundle. The sheaf Qν,0 = (JM)ν ∩ ΩνM is the sheaf of germs
of smooth sections of a line bundle KM on M, that is called the canonical bundle
of M.
Let Uopen ⊂ M, and assume that θ1, . . . , θν ∈ JM(U) give a basis of Z0pM at all
points p ∈ U. Since dθ j ∈ JM(U), we obtain
d(θ1 ∧ · · · ∧ θν) = α ∧ θ1 ∧ · · · ∧ θν, with α ∈ Ω1(U).
The form α is uniquely determined modulo JM, and thus defines a unique element
[α] ∈ Q0,1(U). By differentiating we get
0 = d2(θ1 ∧ · · · ∧ θν) = (dα) ∧ θ1 ∧ · · · ∧ θν − α ∧ d(θ1 ∧ · · · ∧ θν)
= (dα) ∧ θ1 ∧ · · · ∧ θν − α ∧ α ∧ θ1 ∧ · · · ∧ θν
= (dα) ∧ θ1 ∧ · · · ∧ θν ⇐⇒ ¯∂M[α] = 0.
If ω is another non zero section of KM, defined in a neighborhood of a point
p0 ∈ U, we have ω = euθ1 ∧ · · · ∧ θν on a neighborhood Up0 of p0 in U and hence
dω = eu(du + α) ∧ θ1 ∧ · · · ∧ θν on Up0 .
Thus we obtain
Lemma 6.10. There is a section ψ ∈ Γ(M, H0,1) of the sheaf of germs of cohomol-
ogy classes of bidegree (0, 1) such that
(6.12)

∀p ∈ M, ∀ω ∈ Γ(p)(KM), with ω(p) , 0, ∃α ∈ Ω1(p) such that
dω(p) = α(p) ∧ ω(p). ¯∂M[α] = 0, ~α ∈ ψ(p).
Here ~α is the element of H0,1(p) defined by [α] ∈ Z0,1(p).
Lemma 6.11. If M is locally CR-embeddable at p, then ψ(p) = 0.
If Z is completely integrable at p, then, for α ∈ Ω1(p) satisfying (6.12) there is
u ∈ C0(p) such that ¯∂Mu = [α].
6.6. CR-foldings. Let us recall the notion of a fold singularity for a smooth map
(see e.g. [13]). Let M, N be real smooth manifolds of the same real dimension. A
map pi : M → N is a fold-map if there is a smooth submanifold V of M such that:
- the restriction of pi to M \ V is a two-sheeted covering;
- the restriction of pi to V is a smooth immersion;
- there is an involution σ : U → U of a tubular neighborhood U of V in M
such that pi ◦ σ = pi on U.
The corresponding notion in CR geometry will be a folding about a CR-divisor.
Let us introduce the notions that we will utilize in the sequel.
Definition 6.12 (Smooth CR-divisors). A smooth CR-divisor of a CR manifold M
is a smooth submanifold D of M, having real codimenison 2, such that for each
p0 ∈ D there is an open neighborhood Up0 of p0 in M and a function f ∈ O∞M(Up0)
such that D ∩ Up0 = {p ∈ Up0 | f (p) = 0} and d f (p0) ∧ d ¯f (p0) , 0.
Definition 6.13 (CR-folding). Let M, N be CR manifolds having the same CR di-
mension. A CR-folding is a proper smooth CR map pi : M → N such that there
exists a smooth CR-divisor D on M with the properties:
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- the restriction of pi to M \ D is a CR-submersion and a smooth circle
bundle;
- the restriction of pi to D is a smooth CR immersion;
- there is a tubular neighborhood U of D in M and an S1-action on the fibers
of pi|U : U → pi(U), for which D is the set of fixed points.
Example 6.14. The map S 3 = {(z,w) | zz¯ + ww¯ = 1} ∋ (z,w) pi−−→ z ∈ C is a
CR-folding. The set D = {(z, 0) | zz¯ = 1} = {(z,w) ∈ S 3 | w = 0} is a smooth
CR-divisor in S 3, and pi−1(z0) = {(z0,w) | ww¯ = 1 − z0z¯0}. We can define, in the
tubular neighborhood U = S 3 ∩ {|z| > 0}, an S1-action by eiθ · (z,w) = (z, eiθw).
Example 6.15. Let Q ⊂ CPν, with ν ≥ 3, be the ruled real projective quadric,
which is a CR submanifold of type (n, 1), with n = ν − 1, and Levi signature
(1, n − 1). For a suitable choice of homogeneous coordinates, Q has equation
(6.13) z0z¯0 + z1z¯1 =
∑ν
j=2z jz¯ j.
The point p0 ≡ (1, 0, . . . , 0) does not belong to Q. Hence, by associating to each
p ∈ Q the complex line p0 p, we obtain a map π : Q → CPn, where CPn is the set
of complex lines through p0 of CPn+1. After identifying CPn with the hyperplane
{z0 = 0}, the map π is described in homogeneous coordinates by
(6.14) π : (z0, z1, . . . , zν) −→ (z1, . . . , zν).
This map is a CR-folding of M into CPn, with divisor Q ∩ {z0 = 0}, whose image
is the complement of an open ball in the projective space:
(6.15) π(Q) = {z1z¯1 ≤∑νj=2z jz¯ j
}
.
To describe the generators of the ideal sheaf JQ of Q, we consider the covering
{U,V} of Q with U = {z0 , 0}, V = {z1 , 0}. Then JQ is defined by the generators
z−10 dz1, z
−1
0 dz2, . . . , z
−1
0 dzν on U ∩ Q,
z−11 dz0, z
−1
1 dz2, . . . , z
−1
1 dzν on V ∩ Q.
The canonical bundle is generated by z−ν0 dz1 ∧ dz2 ∧ · · · dzν on U ∩ Q and by
z−ν1 dz0 ∧ dz2 ∧ · · · dzν on V ∩ Q.
6.7. Construction of a locally non CR-embeddable perturbation. In this sub-
section we describe a procedure to define a non locally CR-embeddable CR struc-
ture on a neighborhood of p0 in M that we will use in §6.8 to produce a global
example.
Let M, N be CR manifolds of type (n, k), (n, k − 1) respectively. Assume that
there is a CR map pi : M → N having a Lorentzian singularity and a CR-folding
at p0, and that M, N are locally CR-embeddable at p0, q0, respectively. We are in
fact in the situation of Lemma 5.4 and we keep the notation therein.
Let α be a (0, 1)-form on ω, with ¯∂Nα = 0 and α = 0 on ω+. Then z−11 pi∗α is
well defined and smooth because pi∗α vanishes to infinite order on D = {z1 = 0},
and we may consider on U the CR-structure with ideal sheaf J ′U generated by
(6.16) dz1 − z−11 pi∗α, dz2, . . . , dzν.
This new CR structure agrees with the original one to infinite order at all points
of D. If this new CR structure admits a CR-chart centered at p0, then there is a
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smooth function u, defined on a neighborhood of p0, with u(p0) = 0 and
(6.17) d(eu(dz1 − z−11 pi∗α) ∧ dz2 ∧ · · · ∧ dzν) = 0.
Then we obtain
du ∧ (dz1 − z−11 pi∗α) ∧ dz2 ∧ · · · ∧ dzν + z−21 dz1 ∧ pi∗α ∧ dz2 ∧ · · · ∧ dzν = 0,
from which we get
(d(z21u) − pi∗α∗) ∧
dz1
z1
∧ dz2 ∧ · · · ∧ dzν + d(upi∗ω∗ ∧ dz2 ∧ · · · ∧ dzν) = 0.
Next we integrate on the fiber. For q ∈ W ∩ ω−, where W is a suitable small
neighborhood of q0 in ω, we obtain
w(q) = pi∗(z21u)(q) = 12πi
∮
pi−1(q)
z1u dz1,
and therefore
dw(q) ∧ dz2 ∧ · · · ∧ dzν = 12πi
∮
pi−1(q)
d(z21u)
dz1
z1
∧ dz2 ∧ · · · ∧ dzν
=
1
2πi
∮
pi−1(q)
pi∗α∗
dz1
z1
∧ dz2 ∧ · · · ∧ dzν = α ∧ dz2 ∧ · · · ∧ dzν,
because ∮
pi−1(q)
d(upi∗ω∗ ∧ dz2 ∧ · · · ∧ dzν) = 0.
We observe that w = 02 on W ∩ ∂ω− and that the equality established above means
that w satisfies
¯∂Nw = [α] on N.
By Lemma 6.9, we actually have w = 0∞ on ∂N. By Proposition 6.7 there are ¯∂N-
closed forms α, of type (0, 1), vanishing to infinite order on W ∩ ∂ω−, for which
the Cauchy problem 
¯∂Nw = α on W ∩ ω−,
w = 0∞ on W ∩ ∂ω−
has no solution when W is any open neighborhood of q0, hence yielding non CR-
embeddable CR structures on U which agree to infinite order with the original one.
6.8. A global example. In this section we construct a non locally CR-embeddable
CR structure on the Lorentzian quadric of Example 6.15.
In CPν, with homogeneous coordinates z0, z1, . . . , zν, for ν ≥ 2, we consider the
quadric Q = {z0z¯0 + z1z¯1 = z2z¯2 + · · · + zνz¯ν}. Fix the divisor D = {z0 = 0} and
the global CR-folding Q → N where N = {z1z¯1 ≤ z2z¯2 + · · · + zνz¯ν} ⊂ CPν−1 is
a strictly pseudoconcave closed domain in CPν−1. The closure of its complement
is an Euclidean ball B of Cν−1 = CPν−1 \ {z1 = 0}. Fix a smooth function f , with
compact support in Cν−1, which is holomorphic on B, but cannot be continued
holomorphically beyond any point of ∂B, and let α be the restriction of ¯∂ f to N.
We observe that ζ = z1
z0
is meromorphic on CPm and that ζpi∗α is well-defined on
Q. We define a new CR structure on Q by the ideal sheaf having generators
z−11 dz0 − ζpi
∗α∗, z−11 dz2, . . . , z
−1
1 dzν on M ∩ {z1 , 0},
z−10 dz1, z
−1
0 dz2, . . . , z
−1
0 dzν on M \ supp pi
∗α.
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Note that the hyperplane {z1 = 0} in CPν−1 does not intersect the support of α, and
hence the ideal sheaf is well defined. By the argument in §6.7, with this new CR
structure Q is not locally CR-embeddable at all points of the divisor D. Thus we
have obtained
Theorem 6.16. There are CR structures of type (m−1, 1) on the Lorentzian quadric
Q that are not locally CR-embeddable at all points of a hyperplane section of Q.

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